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Abstract In this paper we propose a new re-
fined shear deformation plate theory which possesses 
a series of desirable features, the most salient of 
which are as follows: (i) The loads, which are gener-
ally considered to be applied on the middle surface 
of the plate, act on the upper surface of the plate; (ii) 
The equations are applicable to the calculation of the 
stresses in isotropic plates and provide the same or-
der of accuracy as several theories with second order 
shear deformation effects; (iii) It constitutes a the-
ory, in the sense defined by Love, since it gives easy 
expressions for application to problems in different 
fields in architecture and civil engineering. 
Keywords thick plates, first order shear defor-
mation theory, moderately thick plates. 
I. INTRODUCTION 
A rectangular plate is usually considered thin if its 
thickness is smaller than a tenth of the minor dimension. 
When this limitation is not fulfilled one is entering the 
field of moderately thick plates (a term introduced by 
Love (1944)), or thick plates. 
The current trend in the study of plates can be de-
duced from the themes of the articles collected by 
Voyiadjis and Karamanlidis (1990) and Kienzler et al. 
(1990). In the first publication it can be seen that four 
papers make a direct reference to moderately thick 
plates. The second one discusses common roots of dif-
ferent new plate and shell theories, review the current 
state of the art and higher-order shear deformation theo-
ries. 
Since Reissner (1945), Mindlin (1951), Hencky 
(1947), and Reismann (1988) elaborated their technical 
calculation theories (first order shear deformation 
theory), with the objective of widening the field of ap-
plication of plates, the theory of bending of moderately 
thick plates and thick plates (second order plate theo-
ries) has been studied by Donnell (1976), Kromm 
(1953), Panc (1975), Muhammad et al. (1990), Voyiad-
jis and Karamanlidis (1990), and Kienzler (2004), 
among others. 
Generally, all of those theories are characterized by 
the high level of mathematical complexity required to 
obtain solutions. Furthermore, the problems which are 
solved analytically only constitute several specific ex-
amples. 
In this paper, we present a new shear deformation 
theory whose main features are presented in the next 
paragraphs. 
II. HYPOTHESIS AND OBTAINING OF THE 
GOVERNING EQUATIONS 
The hypotheses to consider are as follows: 
1) The loads, which are distributed, act on the upper 
surface of the plate and will be perpendicular to the 
middle surface, and the displacements of the points lo-
cated in the middle surface are also sensibly perpendicu-
lar to the mentioned middle surface (the middle surface 
being practically inelastic), that is, ݑො  ൎ 0 and ݒො  ൎ
0 where ݑො  and ݒො are the displacements according to the 
x- and y-axes of the points located in the middle sur-
face. The deflection w according to the z-axis of a ge-
neric point not located in the middle surface is given by  
 ݓ ൌ ݓෝ ൅ ݂ሺݔሻ , (1) 
where ݓෝ  is the deflection according to the z-axis of the 
points located in the middle surface. In the longitudinal 
deformation calculation subject to the thickness, Pois-
son’s effect is not considered; that is,  
 ߝ௫ ൎ ఙೣா  (2) 
2) The fibres pertaining to the plate, which are 
straight and perpendicular to the middle surface before 
the deformation, do not continue to be perpendicular, 
and they bend in such a way that the shearing strains are 
defined by a parabolic distribution throughout the thick-
ness, given by  
 ߛ௫௭ ൌ ቀ1 െ ସ௭
మ
௛మ ቁ ߛො௫௭; ߛ௬௭ ൌ ቀ1 െ
ସ௭మ
௛మ ቁ ߛො௬௭  (3) 
where ߛො௫௭ and ߛො௬௭ are the shearing strains in the points 
of the middle surface. 
3) The rotation ݓ௫௬ of a differential element around 
the z-axis is null for all points of the plate, 
 ݓ௫௬ ൌ ଵଶ ቀ
డ௩
డ௬ െ
డ௨
డ௫ቁ ൌ 0.  (4) 
This important condition is deduced analytically if we 
establish the equilibrium of a plate element in its de-
formed configuration and taking into consideration Re-
issner´s kinematic assumptions, Martínez Valle (2012).  
One denominates by ݓෝ  the deflection, according to 
the z-axis, of the generic point m located on the plate’s 
mid surface, by ߴ௫ the angle rotated by the rectilinear 
segment normal to middle surface around the ox-axis, 
and by  ߴ௬ the angle rotated around the oy-axis. Accord-
ing 
 
Figure 1: Bending deformation of the plate. Reissner assump-
tion. 
 to its definition, the shearing strain in the xz-surface at 
the point m located on the middle surface (ߛො௫௭) is  
 ߛො௫௭ ൌ గଶ െ ߙ௙, (5) 
which, as we can see in Fig. 1, is  
 ߛො௫௭ ൌ ߴ௬ ൅ డ௪ෝడ௫ . (6) 
Likewise, we deduce  
 ߛො௬௭ ൌ െߴ௫ ൅ డ௪ෝడ௬ , (7) 
and we may also write  
 ߛො௫௭ ൌ ఛොೣ೥ீ   and  ߛො௬௭ ൌ
ఛො೤೥
ீ   ,  (8) 
where ߬̂௫௭ and ߬̂௬௭ are the shearing stresses at the points 
located on the middle surface. 
Therefore shearing stresses at the points of the mid-
dle surface are 
 ఛොೣ೥ீ  ൌ ߴ௬ ൅
డ௪ෝ
డ௫   ;  
ఛො೤೥
ீ  ൌ െߴ௫ ൅
డ௪ෝ
డ௬ , (9) 
The shearing strains at a generic point are 
 ߛො௫௭ ൌ డ௪డ௫ ൅
డ௨
డ௭ ൌ ቀ1 െ
ସ௭మ
௛మ ቁ ߛො௫௭ , (10) 
 ߛො௬௭ ൌ డ௪డ௬ ൅
డ௩
డ௭ ൌ ቀ1 െ
ସ௭మ
௛మ ቁ ߛො௬௭ ൌ െߴ௫ ൅
డ௪ෝ
డ௬ െ
ସ௭మ
௛మ
ఛො೤೥
ீ ,  
                                                                                              (11) 
where 
 ݓ௫ᇱ ൌ ݓෝ௫ᇱ    ,  ݓ௬ᇱ ൌ ݓෝ௬ᇱ  .    (12) 
One may deduce the displacements of a generic point: 
 ݑ ൌ ݑො ൅ ߴ௬ · ݖ െ ସ௭
య
ଷ௛మ
ఛොೣ೥
ீ  ; ݒ ൌ ݒො ൅ ߴ௫ · ݖ െ
ସ௭య
ଷ௛మ
ఛො೤ೣ
ீ  
                                                                                              (13) 
and from them we obtain the rotations around the x- and 
y-axes 
 ݓ௫௭ ൌ െ ଵଶ ሺߴ௬ െ
ସ௭మ
௛మ
ఛොೣ೥
ீ െ
డ௪ෝ
డ௫ );  
 ݓ௬௫ ൌ െ ଵଶ ሺെߴ௫ െ
ସ௭మ
௛మ
ఛො೤೥
ீ െ
డ௪ෝ
డ௬  ሻ.   (14) 
Considering the third hypothesis and the value of the 
rotation around the z-axis at all points, 
ݓ௫௬ ൌ 0 ൌ ݓෝ௫௬ െ ௭ଶ (
డణ೤
డ௬ ൅
డణೣ
డ௫ ) + 
ଶ௭య
ଷ௛మீ ቀ
ఛොೣ೥
డ௬ െ
ఛො೤ೣ
డ௫ ቁ ൌ ݓෝ௫௬ െ
௭
ଶ ቀ1 െ
ସ௭మ
ଷ௛మቁ ቀ
డణ೤
డ௬ ൅
డణೣ
డ௫ ቁ,                                                      (15) 
we deduce 
 డణ೤డ௬ ൅
డణೣ
డ௫ ൌ 0. (16) 
The strains ߝ௫ , ߝ௫௬ , and ߛ௫௬ are 
ߝ௫ ൌ ߝ௫̂ ൅ డణ೤డ௫ ݖ െ
ସ௭య
ଷீ௛మ
ఛොೣ೥
డ௫ ; 
 ߝ௬ ൌ ߝ௫̂௬ ൅ డణೣడ௬ ݖ െ
ସ௭య
ଷீ௛మ
ఛො೤೥
డ௬  (17) 
ߛ௫௬ ൌ ߛො௫௬ െ డణೣడ௫ ݖ െ
ସ௭య
ଷீ௛మ  
డఛ෢೤೥
డ௫ ൅  
డణ೤
డ௬ ݖ െ
ସ௭య
ଷீ௛మ
డఛ෢ೣ೥
డ௬ ൌ ߛො௫௬ ൅
ቀݖ െ ସ௭యଷ௛మቁ ቀ
డణ೤
డ௬ െ
డణೣ
డ௫ ቁ െ
଼௭య
ଷ௛మ  
డమ௪
డ௫డ௬ (18) 
The shearing stresses ߬௫௭ and ߬௬௭ are deduced from the 
expressions given by Hooke’s law and Lamé’s equa-
tions: 
 ߬௫௭ ൌ ቀ1 െ ସ௭
మ
௛మ ቁ ߬̂௫௭ ,  (19) 
 ߬௬௭ ൌ ቀ1 െ ସ௭
మ
௛మ ቁ ߬̂௬௭ . (20) 
The equilibrium equations of the plate element of dif-
ferential sides are 
 డொೣ೥డ௫ ൅
డொ೤೥
డ௬ ൅ ܲ ൌ 0 , (21) 
 ܳ௫௭ ൌ డெೣడ௫ ൅
డெೣ೤
డ௬  , (22) 
 ܳ௬௭ ൌ డெೣ೤డ௫ ൅
డெ೤
డ௬ .  (23) 
The transverse shear forces in the faces of the plate ele-
ment are  
ܳ௫௭ ൌ න ߬௫௭ ݀ݖ ൌ
௛
ଶ
ି௛ଶ
න ቆ1 െ 4ݖ
ଶ
݄ଶ ቇ ߬̂௫௭ ݀ݖ ൌ
௛
ଶ
ି௛ଶ
2݄
3 ߬̂௫௭ , 
                                                                                              (24) 
ܳ௬௭ ൌ න ߬௬௭ ݀ݖ ൌ
௛
ଶ
ି௛ଶ
න ቆ1 െ 4ݖ
ଶ
݄ଶ ቇ ߬̂௬௭ ݀ݖ ൌ
௛
ଶ
ି௛ଶ
2݄
3 ߬̂௬௭  
                                                                                              (25) 
and substituting in Eq.21 we obtain 
 డఛොೣ೥డ௫ ൅
డఛො೤೥
డ௬ ൌ  
ିଷ௉
ଶ௛ , (26) 
And also after substituting ߬̂௫௭ and ߬̂௬௭ with their values, 
 డణ೤డ௫ െ
డణೣ
డ௬ ൅ ∆ݓ ൌ െ
ିଷ
ଶீ௛ ܲ. (27) 
The normal stress ߪ௭ is determined by means of the fol-
lowing equation of the internal equilibrium of the elas-
ticity: 
 డఛೣ೥డ௫ െ
డఛ೤೥
డ௬ ൅
డఙ೥
డ௭ ൌ 0, (28) 
from which we deduce 
 డఙ೥డ௭ ൌ െ
డఛೣ೥
డ௫ െ
డఛ೤೥
డ௬ ൌ െ ቀ1 െ
ସ௭మ
௛మ ቁ ቀ
డఛොೣ೥
డ௫ ൅
డఛො೤೥
డ௬ ቁ ൌ 
 ൌ ଷ௉ଶ௛ ቀ1 െ
ସ௭మ
௛మ ቁ  (29) 
Integrating throughout the thickness between a generic 
point located at a height z and the upper surface, in 
which ߪ௭ is equal to P, we get 
 ܲ െ ߪ௭ ൌ ଷ௉ଶ௛ ׬ ቀ1 െ
ସ௭మ
௛మ ቁ  ݀ݖ ൌ
೓
మ௫
ଷ௉
ଶ௛ ቀ
௛
ଷ െ ݖ ൅
ସ௭య
ଷ௛మቁ . 
                                                                                              (30) 
Thus we deduce 
 ߪ௭ ൌ ௉ଶ ൅
ଷ௉௭
ଶ௛ ቀ1 െ
ସ௭మ
ଷ௛మቁ . (31) 
This last equation  is exactly the same which appears in 
Kromm´s refined plate theory, Panc (1975). 
Now we must verify that in the lower surface, where 
applied loads do not exist, the following is fulfilled: 
 ሺߪ௭ሻ௭ୀି ೓మ ൌ 0 , (32) 
and we find that it is indeed fulfilled. The normal 
stresses ߪ௫ and ߪ௬ are deduced from the expressions 
given by Hooke’s law and Lamé’s equations: 
ߪ௭ ൌ ாଵିఓమ ൫ߝ௫ ൅ ߤߝ௬൯ ൅
ఓఙೣ
ଵିఓ ൌ
ா
ଵିఓమ ቆߝ௫̂ ൅  
డణ೤
డ௫ ݖ െ
 ସ௭యଷீ௛మ   
డఛොೣ೥
డ௫ ൅ ߤ ቀߝ௬̂ ൅  
డణೣ
డ௬ ݖ െ  
ସ௭య
ଷீ௛మ   
డఛො೤೥
డ௬ ቁቇ ൅
ఓఙೣ
ଵିఓ ൌ
ா
ଵିఓమ ቆߝ௫̂ ൅ 
డణ೤
డ௫ ݖ െ  
ସ௭య
ଷீ௛మ   
డఛොೣ೥
డ௫ ൅ ߤ ቀߝ௬̂ ൅  
డణೣ
డ௬ ݖ െ
 ସ௭యଷீ௛మ   
డఛො೤೥
డ௬ ቁቇ ൅
ఓ
ଵିఓ ቆ
௉
ଶ ൅
ଷ௉௭
ଶ௛ ቀ1 െ
ସ௭మ
ଷ௛మቁቇ (33) 
Now we impose that the in-plane normal force Nx must 
be null: 
 ௫ܰ ൌ ׬ ߪ௫௭ ݀ݖ ൌ
೓
మ
ି೓మ
0 ,  (34) 
and it yields 
 ߝ௫̂ ൅ ߤߝ௬̂ ൌ െ ఓሺଵାఓሻ௉ଶா  (35) 
and therefore the normal stress ߪ௫ is 
 ߪ௫ ൌ ா௭ଵିఓమ ቀ
డణ೤
డ௫ െ ߤ
డణೣ
డ௬ ቁ െ
ସ௭య
ଷீ௛మ
ா
ଵିఓమ ቀ
డఛොೣ೥
డ௫ ൅ ߤ
డఛො೤೥
డ௬ ቁ ൅ 
 ൅ ଷఓ௉௭ଶሺଵିఓሻ௛ ቀ1 െ
ସ௭మ
ଷ௛మቁ  (36) 
Similarly we deduce for the normal stress ߪ௬ 
 ߪ௬ ൌ ா௭ଵିఓమ ቀ
డణೣ
డ௬ െ ߤ
డణ೤
డ௫ ቁ െ
ସ௭య
ଷீ௛మ
ா
ଵିఓమ ቀ
డఛො೤೥
డ௬ ൅ ߤ
డఛොೣ೥
డ௫ ቁ ൅ 
 ൅ ଷఓ௉௭ଶሺଵିఓሻ௛ ቀ1 െ
ସ௭మ
ଷ௛మቁ (37) 
with 
 ߝ௬̂ ൅ ߝ௫̂ ൌ െ ఓሺଵାఓሻ௉ଶா  (38)  
Eqs.35 and 38 allow us to verify the coherence of the 
presented theory, observing the fulfilment of the starting 
hypotheses, and to verify that the normal strains in the 
middle surface, ߝ௫̂ and ߝ௬̂, are very small and lead to 
ݑො ൎ 0 , ݒො ൎ 0  and 
 ߪ௭ ൌ ܧߝ௭ െ ௉ఓ
మ
ሺଵିఓሻ ൅
ଶఓమ
ሺଵିఓሻ ߪ௭ (39) 
in which he third addend is small compared to ߪ௭ 
 ߪ௭ ቀ1 െ ଶఓ
మ
ሺଵିఓሻ ߪ௭ቁ ൌ ܧߝ௭ െ
௉ఓమ
ሺଵିఓሻ (40) 
and the second one, 
 ௉ఓ
మ
ሺଵିఓሻ, (41) 
according to Eq.31, is small compared to the other ad-
dend of ߪ௭, and thus we get ߪ௭ ൎ ܧߝ௭. 
The shearing stress ߬௫௬  is deduced from  
 ߬௫௬ ൌ ܩߛ௫௬ = Gቀడ௨డ௬ ൅
డ௩
డ௫ቁ . (42) 
Substituting and considering the notes presented in the 
previous paragraph, we obtain 
 ߬௫௬ ൌ  ߬̂௫௬ ൅ ܩݖ ቀడణ೤డ௬ ൅
డణೣ
డ௫ ቁ െ
ସ௭య
ଷீ௛మ ቀ
ఛොೣ೥
డ௬ ൅
ఛො೤೥
డ௫ ቁ. (43) 
After integrating throughout the thickness, for example, 
 ܯ௫ ൌ ׬ ߪ௫ݖ ݀ݖ
೓
మ
ି೓మ
 , (44) 
the moment stress resultants are expressed by 
 ܯ௫ ൌ ܦ ቀడణ೤డ௬ ൅ ߤ
డణೣ
డ௫ ቁ െ
஽
ହீ ൬
பఛොೣ೥
డ௫ ൅ ߤ
డఛ෢ ೤೥
డ௬ ൰ ൅
ఓ௉௛మ
ଵ଴ሺଵିఓሻ, (45) 
 ܯ௬ ൌ ܦ ቀെ డణೣడ௬ ൅ ߤ
డణ೤
డ௫ ቁ െ
஽
ହீ ቀ
பఛො೤೥
డ௬ ൅ ߤ
డఛ෢ೣ೥
డ௫ ቁ ൅
ఓ௉௛మ
ଵ଴ሺଵିఓሻ ,(46) 
       ܯ௫௬ ൌ െ ଵିఓଶ ܦ ቀ
డణ೤
డ௬ ൅
డణೣ
డ௫ ቁ െ
ሺଵିఓሻ஽
ଵ଴ீ  ൬
డఛ෢ೣ೥
డ௬ ൅
డఛ෢೤೥
డ௫ ൰.     (47) 
The differential equations to determine ߴ௫, ߴ௬ and ݓෝ  may be 
obtained by applying the principle of minimum energy and 
making null the first variation of the total potential energy or 
alternatively by deciding to apply variational formulation or to 
raise the static equilibrium equations of the plate element of 
differential sides. Taking the last method, we substitute the 
moments calculated before in the last two equations  
 ∆ߴ௬ ൅ ଵାఓଶ
డ
డ௬ ቀ
డణೣ
డ௫ ൅
డణ೤
డ௬ ቁ െ
ଵ
ସ
డ
డ௫ ሺ∆ݓෝሻ ൌ
ହሺଵିఓሻ
௛మ ቀߴ௬ ൅
డ௪ෝ
డ௫ ቁ െ 
 െ ఓ௛మ଼஽ሺଵିఓሻ
డ௉
డ௫, (48) 
∆ߴ௫ ൅ 1 ൅ ߤ2
߲
߲ݔ ቆ
߲ߴ௬
߲ݕ ൅
߲ߴ௫
߲ݔ ቇ െ
1
4
߲
߲ݕ ሺ∆ݓෝሻ ൌ 
 ൌ ହሺଵିఓሻ௛మ ቀߴ௫ ൅
డ௪ෝ
డ௬ ቁ ൅
ఓ௛మ
଼஽ሺଵିఓሻ
డ௉
డ௬,
  
(49) 
which, according to Eq.16, are reduced to 
 ∆ߴ௬ െ ଵସ
డ
డ௫ ሺ∆ݓෝሻ ൌ
ହሺଵିఓሻ
௛మ ቀߴ௬ ൅
డ௪ෝ
డ௫ ቁ െ
ఓ௛మ
଼஽ሺଵିఓሻ
డ௉
డ௫ , 
                                                                                              (50) 
 ∆ߴ௫ ൅ ଵସ
డ
డ௬ ሺ∆ݓෝሻ ൌ
ହሺଵିఓሻ
௛మ ቀߴ௫ െ
డ௪ෝ
డ௬ ቁ ൅
ఓ௛మ
଼஽ሺଵିఓሻ
డ௉
డ௬ . 
                                                                                              (51) 
These equations, along with Eq.27 constitute a calcula-
tion system of connected differential equations, in the 
sense of simultaneously carrying out the calculation of 
displacements and rotations that allow us to determine 
ߴ௫ , ߴ௬  and ݓෝ  if we consider the boundary conditions of 
the plate. 
III. GOVERNING EQUATIONS DISCONNECTED 
FOR DISPLACEMENTS AND ROTATIONS 
The system formed by Eqs.27, 51, and 52 may be dis-
connected, that is, to separate the calculation of dis-
placements from the calculation of rotations, if we 
transform it applying Laplace’s operator to equation 
Eq.27: 
 ∆ ቀడణ೤డ௫ െ
డణೣ
డ௬ ቁ ൅ ∆∆ݓ ൌ െ
ଷ
ଶீ௛ ∆ܲ (52) 
or  
 డడ௫ ൫∆ߴ௬൯ െ  
డ
డ௬ ሺ∆ߴ௫ሻ ൅ ∆∆ݓ ൌ െ
ଷ
ଶீ௛ ∆ܲ . (53) 
However, Eqs.51 and 52 yield 
߲
߲ݔ ൫∆ߴ௬൯ െ 
߲
߲ݕ ሺ∆ߴ௫ሻ ൌ
1
4
߲ଶ
߲ݔଶ ሺ∆ݓሻ ൅
1
4
߲ଶ
߲ݕଶ ሺ∆ݓሻ ൅ 
 ൅ ହሺଵିఓሻ௛మ ቀ
డణ೤
డ௫ ൅
డమ௪
డ௫మ െ
డణೣ
డ௬ ൅
డమ௪
డ௬మ ቁ െ
ఓ௛మ
଼஽ሺଵିఓሻ ∆ܲ . 
                                                                                              (54) 
According to Eq.27 the last equation can be written 
߲
߲ݔ ൫∆ߴ௬൯ െ 
߲
߲ݕ ሺ∆ߴ௫ሻ ൌ
1
4 ∆∆ݓ െ
5ሺ1 െ ߤሻ
݄ଶ
3
2ܩ݄ ܲ െ 
 െ ఓ௛మ଼஽ሺଵିఓሻ ∆ܲ, (55) 
and substituting in Eq.º53 we obtain 
 ଵସ ∆∆ݓ െ
ହሺଵିఓሻ
௛మ
ଷ
ଶீ௛ ܲ െ
ఓ௛మ
଼஽ሺଵିఓሻ ∆ܲ ൅ ∆∆ݓ ൌ െ
ଷ
ଶீ௛ ∆ܲ . 
                                                                                              (56) 
Operating and ordering it gives 
 ∆∆ݓ ൌ ௉஽ ൅
଺ሺଵାఓሻሺఓିଶሻ
ହா௛ ∆ܲ . (57) 
The system of governing equations turns out to be 
 ∆∆ݓ ൌ ௉஽ ൅
଺ሺଵାఓሻሺఓିଶሻ
ହா௛ ∆ܲ (58) 
 ∆ߴ௫ ൅ ହሺଵିఓሻ௛మ ߴ௫ ൌ െ
ଵ
ସ
డ
డ௬ ሺ∆ݓෝሻ ൅
ହሺଵିఓሻ
௛మ
డ௪ෝ
డ௬ ൅
ఓ௛మ
଼஽ሺଵିఓሻ
డ௉
డ௬ 
                                                                                              
(59) 
 ∆ߴ௬ ൅ ହሺଵିఓሻ௛మ ߴ௬ ൌ െ
ଵ
ସ
డ
డ௫ ሺ∆ݓෝሻ ൅
ହሺଵିఓሻ
௛మ
డ௪ෝ
డ௫ െ
ఓ௛మ
଼஽ሺଵିఓሻ
డ௉
డ௫ 
                                                                                              (60) 
IV. GOVERNING EQUATIONS DISCONNECTED 
IN DISPLACEMENTS AND “MOMENTS-SUM” 
Now, we propose to transform the system formed by 
Eqs 5 and 10 by other one disconnected in which dis-
placements and “moments-sum”, also called Marcus 
moment, take part. 
We defined “moment-sum” (designated by M) to, 
ெೣାெ೤
ሺଵାఓሻ ൌ ܯ ቀ
ఛොೣ೥
డ௫ ൅
ఛො೤೥
డ௬ ቁ                        (61) 
Adding equations 9 we obtain, 
డణ೤
డ௫ െ
డణೣ
డ௬ ൌ
ெ
஽ ൅
ଵ
ହீ ቀ
డఛොೣ೥
డ௫ ൅
డఛො೤೥
డ௬ ቁ െ
ଵଶఓ௉
ହா௛       (62) 
     However the sum of the derivatives of the shearing 
stresses in the middle surface are obtained from the Eqs 
6 and 7 of which we deduce 
߲߬̂௫௭
߲ݔ ൅
߲߬̂௬௭
߲ݕ ൌ ܩ ቆ
߲ߴ௬
߲ݔ ൅
߲ଶݓ
߲ݔଶ െ
߲ߴ௫
߲ݕ ൅
߲ଶݓ
߲ݕଶ ቇ ൌ 
ܩሺడణ೤డ௫ െ
డణೣ
డ௬ ൅ ∆wሻ                              (63) 
And therefore Eq. 62 is transformed into 
4 ቀడణ೤డ௫ െ
డణೣ
డ௬ ቁ ൌ 5
ெ
஽ ൅ ∆w െ
ଵଶఓ௉
ହா௛                (64) 
Also according to Eq. 26, 
డఛොೣ೥
డ௫ ൅
డఛො೤೥
డ௬ ൌ
ିଷ
ଶ௛ ܲ                              (65) 
And thus Eq. 62 gives  
߲ߴ௬
߲ݔ െ
߲ߴ௫
߲ݕ ൌ
ܯ
ܦ െ
3ܲ
10ܩ݄ െ
12ߤܲ
5ܧ݄             ሺ66ሻ 
Now we may eliminate the difference of the derivatives 
of the rotations with this last equation and Eq. 27, ob-
taining 
∆ݓ ൌ െ ெ஽ െ
଺௉
ହீ௛ሺଵାఓሻ.                    (67) 
On the other hand, according to Eq. 54 we deduce 
ହሺଵିఓሻ
௛మ ቀ
డణ೤
డ௫ ൅
డమ௪
డ௫మ െ
డణೣ
డ௬ ൅
డమ௪
డ௬మቁ ൌ ∆ ቂ
డ
డ௫ ൫ߴ௬൯ െ
డ
డ௬ ሺߴ௫ሻቃ െ
ଵ
ସ ∆ ቂ
డమ
డ௫మ ሺݓሻ ൅
డమ
డ௬మ ሺݓሻቃ ൅
ఓ௛మ
଼஽ሺଵିఓሻ ∆ܲ       (68) 
The first member according to Eq. 27 is:  
                         െ ହሺଵିఓሻ௛మ ൉
ଷ௛మ
ଵଶ஽ሺଵିఓሻ ܲ ൌ
ିହ௉
ସ஽                             (69) 
The first addend of the second member according to Eq. 54, 
59 and 60 is:  
                                    ∆ெ஽ െ
ଷ∆௉
ଵ଴ீ௛  െ
ଵଶµ∆௉
ହா௛                              ሺ70ሻ 
and the second addend of the second member according to Eq. 
59 and 60  is:  
                                    ିPସD െ
ଷሺଵାఓሻሺఓିଶሻ
ଵ଴E୦ ∆ܲ                             (71) 
Substituting in Eq. 68 one obtains 
∆ெ
஽ ൌ
ିP
D ൅
ଷ∆௉
ଵ଴ீ௛ ൅
ଵଶµ∆௉
ହா௛ ൅
ଷሺଵାఓሻሺఓିଶሻ
ଵ଴E୦ ∆ܲ െ
ଷఓ
ସீ௛ ∆ܲ   (72) 
After operating and ordering  
∆ܯ ൌ െܲ െ µ௛మଵ଴
∆௉
ଵାµ                    (73) 
V. DISCUSSION OF THE EQUATIONS 
DEDUCED. 
If we analyze the system of equations (58)-(60), we can 
see that if the terms െ ଵସ
డ
డ௬ ሺ∆ݓෝሻ and  
ఓ௛మ
଼஽ሺଵିఓሻ
డ௉
డ௬ are neg-
lected in (58) and (59), these equations coincide exactly 
with the ones obtained in  Reissner Bolle theory.  
In addition, as we have pointed out, the value of the 
stress ߪ௭ in this work is identical to the one proposed in 
the theory of plates of Kromm (1953).  
The term െ ଵସ
డ
డ௬ ሺ∆ݓෝሻ appears as a consequence of the 
assumption 2) of this work, which accounts for parabol-
ic distribution of the transverse shear strains through the 
thickness of the plate.  
Similar results have been found in Reddy´s work 
(1999). 
Finally, the terms ఓ௛
మ
଼஽ሺଵିఓሻ
డ௉
డ௬ and 
ఓ௛మ
଼஽ሺଵିఓሻ
డ௉
డ௫ are a conse-
quence of the first assumption, which is not usually tak-
en into account in the theories of plates and shells but is 
important for variable loads.  
Lastly, equation (67) has the same structure than the one 
proposed by Reismann (1988), relating displacements 
and moment- sum, which is 
                            ∆ݓ ൌ െ ெ஽ െ
௉
௄మீு                             ሺ74ሻ 
It only differs from (74) in the termሺ1 ൅ ߤሻ. 
The possibility of expressing the system (58)-(60) in the 
compact form (67) offers a wide range of possibilities of 
obtaining analytical solutions for simply supported 
plates as it will be seen in the following examples. 
Otherwise, a Fourier series solution is always possible, 
taking into account the appropriate boundary conditions. 
VI. ILLUSTRATIVE EXAMPLES 
Example 1: A simply supported isotropic rectangular 
plate subjected to uniformly distributed load. The plate 
is subjected to the transverse load, q(x,y) on surface z = 
- h/2 acting in the upward z-direction as given below 
                 ݍሺݔ, ݕሻ ൌ ݍ଴ sin గ௫௔ sin
గ௬
௕                            ሺ75ሻ 
A. Navier Solution 
The following is the solution form for ݓሺݔ, ݕሻ satisfying 
the boundary conditions given for a plate with all the 
edges simply supported: 
                 ݓሺݔ, ݕሻ ൌ ܿ sin గ௫௔ sin
గ௬
௕                              ሺ75ሻ 
Where coefficient c can be evaluated after substitution  
of (58) 
ܿ ൌ ݍ଴
ܦߨସ ቀ 1ܽଶ ൅
1
ܾଶቁ
቎ 1
ቀ 1ܽଶ ൅
1
ܾଶቁ
൅ ߨ
ଶݐଶሺ2 െ ߤሻ
10ሺ1 െ ߤሻ ቏   ሺ76ሻ 
 
Substituting this coefficient in the displacement field 
(75) 
ݓሺݔ, ݕሻ ൌ ݍ଴ܽ
ସ
ܦߨସ ൬1 ൅ ܽଶܾଶ൰
ଶ ൉ 
൦1 ൅
ߨଶݐଶሺ2 െ ߤሻ ൬1 ൅ ܽଶܾଶ൰
10ሺ1 െ ߤሻܽଶ ൪ sin
ߨݔ
ܽ sin
ߨݕ
ܾ             ሺ77ሻ 
Which can be reduced to the expression obtained by 
Timoshenko (1959) in case of t0 and coincides ex-
actly with the expression deduced with the higher order 
plate theory of Vlasov (1958).  
This author can be considered the first one to develop a 
consistent higher order plate theory, establishing a third-
order displacement field that statisties the stress-free 
boundary conditions on the top and bottom planes of a 
plate, Reddy (1990).  
Similar or identical results to the Vlasov´s theory have 
been found for moments, rotations and shear forces, but 
the major advantages have been found by calculating 
horizontal bending stresses.  
In Reissner theory, the maximum horizontal bending 
stress is 
           ߪ௫ቀݔ, ݕ, െ ݄ 2ൗ ቁ ൌ  െ1,78 sin
ߨݔ
ܽ sin
ߨݕ
ܾ           ሺ78ሻ 
The exact solution with the theory of elasticity is, 
           ߪ௫ቀݔ, ݕ, െ ݄ 2ൗ ቁ ൌ  െ2,12 sin
ߨݔ
ܽ sin
ߨݕ
ܾ           ሺ79ሻ 
In this work, it has been found, 
          ߪ௫ቀݔ, ݕ, െ ݄ 2ൗ ቁ ൌ  െ2,01 sin
ߨݔ
ܽ sin
ߨݕ
ܾ            ሺ80ሻ 
Reducing the error to 6%, approximately.  
Example 2: Free vibration of a simple supported iso-
tropic rectangular plate.  
Applying the principle of d'Alembert to establish dy-
namic equilibrium equations for the study of transverse 
oscillations of plates, we need only consider in the equi-
librium equation (57) the inertia forces rather than static 
loads P. 
The problem to be solved is, 
                  ∆∆ݓ ൌ െ ఊ௧஽ ݓሷ െ  
଺ሺଵାఓሻሺఓିଶሻ
ହா ∆ݓሷ               ሺ81ሻ 
If the deflection is expressed as, 
        ݓ ൌ ሾܥଵܿ݋ݏሺ݂߬ሻ ൅ ܥଶݏ݁݊ሺ݂߬ሻሿܷሺݔ, ݕሻ             ሺ82ሻ 
Where f is the frequency. 
Substituting,  
      ∆∆ܷ ൌ ߛݐܦ ݂
ଶܷ ൅ 6ሺ1 ൅ ߤሻሺߤ െ 2ሻߛ5ܧ ݂
ଶ∆ܷ         ሺ83ሻ 
Boundary conditions are satisfied if we take the solution 
in the form, 
                             ܷ௠௡ ൌ ݏ݁݊ ݉ߨݔܽ ݏ݁݊
݊ߨݕ
ܾ                  ሺ84ሻ 
Substituting again, 
ቀ݉ߨܽ ቁ
ସ
൅ 2 ቆ݉݊ߨ
ଶ
ܾܽ ቇ
ଶ
൅ ቀ݊ߨܾ ቁ
ସ
െ ߛݐܦ ݂
ଶ
௠௡
൅ 6ሺ1 ൅ ߤሻሺߤ െ 2ሻߛ5ܧ ݂
ଶ
௠௡ ൤ቀ
݉ߨ
ܽ ቁ
ଶ
൅ ቀ݊ߨܾ ቁ
ଶ൨ ൌ 0                                 ሺ85ሻ 
And solving, 
                     ௠݂௡ ൌ ߨ
ଶ
ܾଶ ቈ݊
ଶ ൅ ൬݉ ܾܽ൰
ଶ
቉ ൉                                ሺ86ሻ 
ඨ ܧݐ
ଶ
ሺ1 ൅ ߤሻߛ
1
ඨ12ሺ1 െ ߤሻ െ 1,2ሺߤ െ 2ሻ ݐଶߨଶܾଶ ቈቀ݉
ܾ
ܽቁ
ଶ
൅ ݊ଶ቉
 
The first line of this equation corresponds to the classi-
cal solution, Leissa (1973).  
In order to compare the results for a square plate, 
Mindlin (1951), they are referred to the nondimensional 
frequency parameter λ given by, 
                         ߣ ൌ ݂ܽଶඨߩ݄ܦ                                           ሺ87ሻ 
Results are shown for different ratios thickness/length 
(0.01, 0.1 and 0.2) in the following Table 1. 
 
Mode h/a=0.01 h/a=0.1 h/a=0.2 
1 19.734 19.067 17.450 
4 78.848 69.794 55.158 
Sol.1(Mindlin) 19.734 19.067 17.450 
Sol.4(Mindlin) 78.850 69.795 55.160 
Table1: Parameter λ of a simply supported square plate 
Excellent agreement with the theory, for simply sup-
ported plates, has been found. 
V. SUMMARY 
We have achieved the system formed by Eqs.58, 59 and 
60, and Eq. 73 which have the same order of refinement 
as the one presented by Muhammad et al (1990) for 
thick plates but with the advantage of following the ex-
position of the classical technical theories; it constitutes 
a more refined generalization than the presented one by 
Reisman (1988) for thick plates, and than the other one 
presented by Timoshenko and Woinowski (1959). 
Besides, assuming that the plane of application of 
the load is the upper plane of the plate, the first predic-
tions of normal stress depending on the thickness values 
match those deduced by Kromm theory (1953). 
Analytical solutions to this system of equations have 
been presented for simply supported plates in static and 
dynamic analysis with excellent results.  
In future work we will present more complex ana-
lytical solutions for other boundary conditions, and nu-
merical results for those cases in which analytical solu-
tions are not possible. 
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